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11. INTRODUCTION 

 

Granular materials are assemblies constructed with particles 
whose behaviour differ at single and conglomerate level 

depending on the influencing environment (Goodman & 

Cowin, 1972; Savage, 1979). At static conditions the material 

can be considered as solid, but, whether the particle 

conglomerate moves, its behaviour is considered as fluid 

(Elaskar & Godoy, 2001). Productive processes in industry 

(e.g. pharmaceutical, mining or agriculture) handle granular 
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materials as the main source of production (Hill, 2012). More 

than 50% of the raw materials around the world are 

constructed or distributed in granular bulks (Boac, 2010; 

Gustafsson, 2008). In addition, more than 10% of the global 

energy consumption is utilised whilst transporting and 

processing them (Ishkov, 2016). Particularly, storing the 
material for long time under adequate conditions (e.g. 

temperature and humidity) have led to design reservoirs 

entitled as ‘Silos’. Although these vessels have been largely 
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studied, the complex interactions in the granular flow at micro 

and macro-scale have not been fully understood yet.  

The contemporary design of silos applies formulations of the 
continuum mechanics to simplify the particle interactions in it 

(Wang et al., 2015). Wall pressure profiles, dynamic meshing 

(i.e. granular flow modelled as fluid) and flow patterns (i.e. 

funnel or mass flow (Mankoc et al., 2007; Rotter et al., 1998)) 

are typical assumptions implemented in continuum models 

(Brown, 2007; Wang et al., 2015). Furthermore, constitutive 

models (e.g. Drucker-Prager or Frictional contact) are used to 

model the elastoplastic interactions occurring within the silo 

(Elaskar & Godoy, 2001; Wieckowski, 2003). Stress and 

strain profiles in both the structural walls and assumed fluid 

are the outcomes of these models. This information is helpful 

when selecting the thickness and type of material to build the 

silo, however, realistic predictions or estimations of the 

granular flow during the silo discharge are not clearly 

described. For instance, jamming, which can be defined as a 

sudden stop of particle flows (Zuriguel et al., 2005), is a 

complex process to explain uniquely by finite formulation. 
Under these circumstances, the Discrete Element Method 

(DEM) appears as a feasible alternative to elucidate the 

complex interactions into the silo at micro scale (Cundall & 
Strack, 1979).  
 

The robustness of the DEM compared with other formulations 

is its flexibility to consider each component of the granular 

assembly as a unique solid element that interacts with their 

surrounding neighbours (e.g. particle or walls) (Andrade et al., 

2012; Cundall & Strack, 1979; O’Sullivan, 2011; 

Queteschiner & Kloss, 2010). Bulk properties (e.g. friction 

coefficient) or individual properties (e.g. density) are defined 
whilst modelling complex granular assemblies (Baars, 1995). 

DEM-based schemes analyse both collisions among particles 

and between particle and walls. The outcomes of DEM 

simulations are contact forces between the interacting 

elements, position and velocity of each particle (Cundall & 

Strack, 1979). Considering the benefits of DEM, 

investigations into further describing the granular flow in silos 

have been undertaken. Parafiniuk, Molenda and Horabik 

(Parafiniuk et al., 2013) analysed the granular flow in silos 

under two considerations dry and wet conditions. They found 

that their experimental results agreed with the numerical 
simulations when slow flow rates are modelled. Another 

interesting analysis to predict the relation between the flow 

rate and the silo discharge orifice was performed by Zhou et 

al. (Zhou et al., 2017). It was numerically predicted that both 

conditions interact in the volume fraction and particles 

velocity. In this research, 2D assemblies were applied to 

compare with 3D laboratory experiments. Other recent 

investigations limited their studies to analyse how the silo 

hopper or the bulk packing fractions alter the flow rate during 

the discharging process (Benyamine et al., 2017; Tan et al., 

2016). 

 
The purpose of this research was to develop micro-mechanical 

models to resemble the discharge of corn particles stored in 

silos to (1) identify the influence of the hopper geometry in the 

particle kinematics and (2) the geometry influence in the 

granular flow, particularly, in terms of the stresses-strains in 

the discharging region. The achievement of these objectives 

will increase our understanding of the complex interactions 

between the granular matter and the silo walls. 

 

2. MATERIALS AND METHODS 

2.1. Discrete Element Method  

 

Granular assemblies based on the DEM will be elaborated to 

model the transient interaction of particles during the 

discharge of silos. This methodology utilises the postulates of 

the Newton´s Law to quantify grains interactions (O’Sullivan, 

2011). The equation of motion (Equation 1) describes the 

interacting forces in granular arrangements: 

 

𝑚𝑝�̈�𝑝
⃗⃗⃗⃗ = ∑ 𝐹 𝑝𝑐

𝑐𝑜𝑛

𝑁𝑐,𝑝

𝑐=1

+ ∑ 𝐹 𝑝𝑗
𝑛𝑜𝑛−𝑐𝑜𝑛

𝑁𝑐,𝑝

𝑗=1

+ 𝐹 𝑝
𝑓
+ 𝐹 𝑝

𝑎𝑝𝑝
 (1) 

 

Where: 
𝑚𝑝: mass of the particle 

�̈�𝑝
⃗⃗⃗⃗ : acceleration of each particle 

𝐹 𝑝𝑐
𝑐𝑜𝑛: contact forces between particles and their neighbours 

𝐹 𝑝𝑗
𝑛𝑜𝑛−𝑐𝑜𝑛: non-contact forces with the particles 

𝐹 𝑝
𝑓
: gravitational force 

𝐹 𝑝
𝑎𝑝𝑝

: applied forces onto a particle including the contact 

particle-wall 

 
This mathematical expression considers both the individual 

qualities of the particles and their interacting states. In 

addition, the rotational and translational motions of each 

element are also considered. To assess the contact among 

particles (𝐹 𝑝𝑐
𝑐𝑜𝑛), formulations that analyse the contribution of 

each element in the system were proposed (Cundall & Strack, 

1979; O’Sullivan, 2011; Queteschiner & Kloss, 2010). The 

soft sphere model takes advantage of the Hooke’s law and the 
Hertz contact model to characterise the overlap between 

interacting particles by means of the contact stiffness, Young’s 

Modulus (E) and Poisson ratio () (Babié, 1988; O’Sullivan, 

2011; Queteschiner & Kloss, 2010). Moreover, the soft-sphere 

model used in this study depends on a rheological model 

composed of a linear spring-dampshot (Queteschiner & Kloss, 

2010). The model includes a tangential spring to compute the 

tangential force during the relative tangential motion between 

particles. The tangential force is directly influenced by the 

Coulomb frictional limit that depends on the coefficient of 

friction between particles (μcorn) or between the particle and 

contact surface (μ) (Queteschiner & Kloss, 2010). It is worth 
mentioning that the interaction occurs at short instants of time, 

based on this, the dispersed energy at each contact is assumed 

to be transmitted by Rayleigh-waves (TR) (Queteschiner & 

Kloss, 2010). This formulation (TR) considers the density (), 

particle radius (R), Poisson’s ratio, and shear modulus (G) of 

the granular media; shown in Equation ( 2. The solution of this 

equation (ranges around 0.1TR – 0.3TR) is used to estimate 

the time step (t) of the DEM problem case. 

 

𝑇𝑅 = 𝜋𝑅
(
𝜌

𝐺
)

1

2

(0.1632𝜈 + 0.8766)
 

( 2 ) 
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The previous information is feasible to handle in small 

conglomerates with a limited number of particles. However, 

real-life problems or even scale models group thousands of 
interacting elements increasing the number of contacts in the 

assembly. Because of this, the mathematical background 

which defines the DEM is implemented in numerical 

algorithms to manage relatively large granular assemblies 

(25,000 particles). In this research, the LIGGGHTS open-

software is the computational tool utilised to model the silos’ 

discharge. 

 

2.2. Granular assemblies 

 

Granular assemblies are sets of particles that resemble the real 

granulometric distribution of granular matter in a specific 
region. Based on this, two particle distribution alternatives 

which are monodisperse and polydisperse assemblies can be 

developed. Monodisperse models are constructed with 

particles of the same size; shown in Figure 1(a). On the other 

hand, granular elements of different sizes conform a 

polydisperse assembly, see Figure 1(b). This study developed 

polydisperse models that resemble corn stored in silos. 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
2.3. Particle and conglomerate properties 

 

In this study, particles of corn were modelled because of the 

importance of this granular material in agriculture and 

productive processes. The definition of granular assemblies in 

DEM is accomplished on the basis of their individual and 

conglomerate properties. For corn, there are diverse studies 

investigating its mechanical properties at micro and macro-

scale (Ileleji & Zhou, 2008; Moya et al., 2013). Each corn 

particle was modelled as sphere in order to reduce 

computational costs and increase the number of interacting 

elements in the assembly. The granular assemblies generated 
were polydisperse considering the granulometry of corn. The 

properties of the granular assembly and granulometry are 

shown in Table 1 and Table 2, respectively. To determine the 

repose angle of corn, we conducted an experimental test 

following the methodology used in a previous study by 

Perazzo et al. (2019), which investigated the repose angle of 

copper ore. The results revealed that the repose angle of corn 

was 27°.  

 

Based on the experimental results and in line with published 

data (Moya et al., 2013), we have determined the friction 

coefficient between corn particles to be 0.51 (μcorn =  0.51 =
 tan(27°)). Similarly, for the friction coefficient between corn 

and the concrete walls of the silo, the chosen value is 0.52, also 

in accordance with published data (Moya et al., 2013).  

 
Table 1. Properties of the granular assembly (Boac, 2010; Fernández, 2010; 

Ileleji & Zhou, 2008; Lira & Pina, 2011; Moya et al., 2013) 

Particle level 

 Corn Concrete 

Young’s Modulus 

(MPa) 
298 50,000 

Poisson’s ratio 0.3 0.2 

Conglomerate level 

 Corn – Corn Corn –Concrete 
Restitution coefficient 0.205 0.700 

Friction coefficient 0.510 0.520 

 

 
Table 2. Corn granulometry 

Sieve size 
Aperture 

(microns) 

Retained 

weight (g) 

% 

Retained 

1/2 12,700 0.00 0.00 

3/8 9,500 11.60 2.32 

5/16 7,940 186.35 37.27 

4 4,750 301.25 60.25 

8 2,360 0.80 0.16 

Total 500.00 100.00 

 
2.4. Characterisation of the silo 
 

The silo walls were numerically characterised according to 
their mechano-physical properties (e.g. restitution coefficient 

particle and wall). In this research, silos constructed in 

concrete were modelled because they are widely used in 

industry for storing granular materials; particularly, corn. 

Table 1 summarises the relevant properties utilised to define 

silos of concrete. In geometrical terms, to identify the 

interaction of the granular discharge flow and the silo walls, 

several geometries with different hopper inclination were 

Figure 1. (a) monodisperse model constructed with iron ore 
pellets particles (diameter = 10 mm) and (b) polydisperse model 

built with corn 

(a) 

(b) 
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designed; shown in Figure 2(a). The baseline to construct the 

silo chute was the repose angle of the stored media (i.e. 27° for 

corn); see Figure 2(b). 
 

2.5. Computational design 

 

Considering the high computational costs that entails 

modelling complex arrangements by means of the Discrete 

Element Method, the size of the container and number of 

particles has been limited. 25,000 corn particles were stored in 

each study case and various silo geometries were designed to 

evaluate the granular flow in it. In order to guarantee 

convergence and stability in the numerical method, the 

timestep was assigned as 1x10-6 sec. This value was useful to 

define the total discharging time of the silo; approximately, 40 
sec. The simulation cases were run in a serial computer with a 

multicore processor of 2.73 GHz. The simulation time varied 

between 70 to 100 h. Considering that the algorithm to 

generate the granular assemblies insert corn particles into the 

silo randomly, 3 tests per silo condition were implemented.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

2.6. Assessment of deformations in the granular assembly 

 

Assessment of deformation in the granular corn assembly was 
performed in the boundaries of the system due to the inherent 

limitations in the soft sphere model that make challenging the 

computation of overlapping distances among contacting 

particles. Two mathematical approaches, which are the convex 

hull and Delaunay triangulation, were used to identify the 

boundaries (i.e. control volume) of the corn assembly stored in 

the silo. The convex hull identified the particles that delimited 

the control volume, and the Delaunay triangulation identified 

the contacting particles at the convex hull. Computation of the 

average deformation (휀)̅ consists of the vectorial product of the 

average displacements (𝒖𝑛) of the particles (i, j, k) of each 

triangle identified by the convex hull and Delaunay 

triangulation and the normal vector (𝒗𝑛) to the surface of each 

triangle (Avila & Andrade, 2012). This product is multiplied 

by the area (𝐴𝑛) of each triangle and divided by the volume of 

the convex hull (Equation 3). 

 

휀̅ = 𝑠𝑦𝑚 [
1

𝑉
∑𝒖𝑛

𝑁

𝑛=1

⊗ 𝒗𝑛  𝐴𝑛] ( 3 ) 

 
After completing the evaluation of Equation (3), the average 

deformations were quantified in a tensor (Equation 4), which 

after evaluation of the first invariant (𝐼1) and the second 

invariant of the strain deviator tensor (𝐽2) allowed us to 

evaluate the volumetric changes (Equation 5), and angular 

deformation (Equation 7) of the corn assembly. The evaluation 

of  𝐽2 entails the calculation of the second Invariant (𝐼2) by 

means of Equation 6.  

 

휀̅ =  (

휀11 휀12 휀13

휀12 휀22 휀23

휀13 휀23 휀33

) ( 4 ) 

 

𝐼1 = 휀𝑖𝑖 = 휀11 + 휀22 + 휀33  ( 5 ) 

𝐼2 = |
휀11 휀12

휀13 휀22
| + |

휀11 휀13

휀13 휀33
| + |

휀22 휀23

휀23 휀33
|  ( 6 ) 

 

𝐽2 = 𝐼2 −
1

3
𝐼1
2  ( 7 ) 

 

 

3. RESULTS AND DISCUSSION 

 

The numerical experiments were designed to study the effects 

of the granular flow during the silo discharge. After 

concluding the simulations, it was determined that the nature 

of the granular flow was tubular as shown in Figure 3. Based 

on this, a cylindrical volume control was assigned in the region 
around the discharge hole to characterise the mechanical 

response of the assembly. Specifically, velocity profiles, 

stresses in the silo walls, average deformation and force chains 

among particles were evaluated. 

 

The velocity profile identified after completing the simulation 

cases was identified as the funnel flow. This finding is 

(a) 

Figure 2. Characterization of the granular assembly (a) repose angle of 
corn and (b) geometry of the silo 
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associated with the friction coefficient difference between the 

granular matter (μcorn = 0.51) and the walls of the silo (μ =
0.52). The response of the particle assembly near to the silo 

walls appear to achieve static equilibrium; shown in Figure 4. 

This occurs due to the difference between the friction 

coefficients of the silo walls and corn.  

 

 

3.1. Velocity profiles 

 

 

 

3.2. Shear stress and pressure in the walls 

 

In Figure 5 is shown the comparison of the maximum shear 

stresses in the walls of the silo according to the hopper’s angle. 

It is interesting to note that the repose angle (27°) appears to 

alter the trend in the shear stress magnitude. The maximum 

value occurred at this inclination (612 Pa, SD=140.1 Pa). For 

the cases where the chute’s angle was over 27°, the shear stress 

decreased. This effect could be associated with the gravity and 

particle-wall friction in the hopper’s boundaries. Apparently, 
the inclination of the discharging chute governs the magnitude 

of the shear stress in their walls. 

 

The pressure in the silo’s walls showed an increasing trend 

according to the inclination of the hopper’s angle (Figure 6). 
The maximum pressure was achieved at a hopper’s angle of 

35° with an approximate pressure magnitude of 44.5 KPa, 

SD=8.9 KPa. The lowest pressure was identified in the silo 

with a hopper angle of 5° (P = 15.31 KPa, SD=3.8 KPa). This 

behaviour differs with the outcomes of the shear stress where 

the magnitude was modified after reaching a maximum value 

at the chute inclination corresponding to the granular material 

repose angle.  

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

3.3. Average deformation in the stored granular media 

during its discharge. 

 

As detailed in Section 2.6, the average deformation of the 

granular assemblies was quantified in terms of the principal 

Figure 3.  Funnel flow in the granular assemblies 

Figure 6. Pressure vs hopper’s angle.  

Figure 4. funnel flow during the discharge of the granular media stored in a 
silo with hopper 

Figure 5. Shear stress vs hopper angle 
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invariant (𝐼1) and the second invariant of the strain deviator 

tensor (𝐽2). Both parameters were analysed in a control volume 
located in the zone of the discharging hole; shown in Figure 3. 

𝐼1 is useful to identify the volumetric changes (length 

alterations) of the granular set. On the other hand, the shape 

changes were measured by means of the second main invariant 

(𝐽2). Volumetric changes were the principal alterations 

registered during the discharge of the granular matter. The 

maximum 𝐼1 value was identified at a hopper angle of 10° 

(4.88*10-5, SD=8.65*10-5) and at hopper’s angle similar to the 

repose angle of corn (3.78*10-5, SD=1.66*10-5). The trend in 
the data displayed that the volumetric deformations increased 

until reaching the repose angle of corn (27°). After this, the 

magnitude of 𝐼1 decreased for the other hopper’s inclinations 

as shown in Figure 7.  For the case of the shape changes, the 

maximum deformation occurred in the 5-degree chute 

inclination with approximately 𝐽2 of -3*10-7. Contrary to the 

hydrostatic strain (𝐼1), 𝐽2 showed a decreasing tendency in the 

study cases, see Figure 8. 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

3.4. Force chains 

 

The resulting force chains due to particles interaction entailed 

an increasing trend in their magnitudes until reaching the 

repose angle of corn (27°). The maximum reached value was 
0.18 N. After this limit, the force chains reduce. This trend is 

similar to previous results such as shear stress and hydrostatic 

strain. The effects in the force chains are plot-ted in Figure 9. 

The force chains generated in the region surrounding the 

discharge hole are not strong enough to conform an arch and 

stop the corn flow. 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

3.5 Analysis of the results trend 

 

An explanation to describe the results in the shear stress, 

deformation and force chains of the corn-granular assembly is 

shown in Figure 10. In this model, three grains of corn in 

contact were used to describe the influence of the hopper’s 
angle in the granular assembly.  After applying the sum of 

forces in each particle, Equations 8, 9 and 10 describe the 

contact forces between particles (𝐹𝑛) in terms of the hopper 

angle (), the friction coefficient (), the particle weight (W) 

and elasticity coefficient of the corn (𝑘𝑛).  

 

𝐹𝐴𝐵(sin(30) + 𝜇 cos(30)) + 𝐹𝐵𝐶 + tan(α)N
= Wsin(α)  

( 8 ) 

 

(𝐹𝐴𝐵 − 𝐹𝐴𝐶)(𝜇 cos(30) + sin(30)) = −Wsin(α)  ( 9 ) 

 

𝛿 =
𝐹𝑛

𝑘𝑛
  ( 10 ) 

 

After replacing the hopper angle () with values below 

(<27°), same (=27°) and above (>27°), it was found that 

the  directly influences the micromechanical response of the 

corn-granular assembly. Shear stresses in the silo walls, force 
chains (𝐹𝑛) and deformation (𝛿) (Equation 10) trends of the 

theoretical model agreed with the numerical results (Sections 

3.3 and 3.4). The maximum magnitude of the force chains and 

Figure 9. Force chains  
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deformations were computed when  corresponds to the 

repose angle (=27°).  

Limitations with this theoretical model included the number of 

particles studied (only 3 particles), the diameter of the silo was 

not modified, and this could modify the magnitude of the 

contact forces among particles, and acceleration of particles 
was algo not included in the model.  

 

 

4. CONCLUSIONS 

 

The discrete element method (DEM) is a powerful modelling 

alternative to quantify the micro-mechanical effects in 

granular assemblies. This numerical technique is useful to 

identify interactions among particles which cannot be assessed 

by means of continuous formulations. The generated models 

in this research were useful to distinguish the effects of the silo 

geometry during its granular discharge.   

 

In terms of the granular flow into the silo, it can be 
distinguished that the ‘funnel flow’ type appeared in all the 

studied cases. In order to identify this effect, a control volume 

in the discharging zone was used to differentiate how the 

particles are moving. These observations are consistent with 

the agreement that the coefficient of friction between particles 

is lower than the coefficient of friction between particles and 

walls.  

 

It is worth mentioning that the hopper inclination, which 

design is based on the repose angle of the granular media, 

governs the micro-mechanical response of the granular flow. 

The baseline of comparison for each study case was the repose 

angle of corn (27°). A remarkable trend in the shear stress, 

hydrostatic strain and force chains was that after reaching a 

maximum value in a silo with a hopper angle equal to the 
repose angle, their magnitudes registered reduction. For the 

pressure and main invariant (𝐽2), there is an inverse relation 

with the chute inclination. In other words, whilst the hopper 

inclination increases, the pressure and 𝐽2 tended to decrease. 
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